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BRUSSELATOR-MODEL (PRIGOGINE & LEFEVER [5])

• A, B, D, E: chemical reactants and products

• X: activator, Y: inhibitor

• assumption: A, B have constant concentration

• σ1 > 0, σ2 > 0: strength of the feedback

• τ ≥ 0: time delay

A → X
2X + Y → 3X

B + X → Y + D
X → E

⇝
Ẋ = f 0

1 (X,Y) := A − (B + 1)X + X2Y

Ẏ = f 0
2 (X,Y) := BX − X2Y



Alfifi ([1]) ⇝
Ẋ = f 0

1 (X,Y) + σ1X(· − τ)

Ẏ = f 0
2 (X,Y) + σ2Y(· − τ)



τ = 0 ⇝
Ẋ = f1(X,Y) := A − (B + 1 − σ1)X + X2Y

Ẏ = f2(X,Y) := BX + σ2Y − X2Y
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BRUSSELATOR-MODEL AND MODIFICATION

• A, B, D, E: chemical reactants and products

• X: activator, Y: inhibitor

• assumption: A, B have constant concentration

• σ1 > 0, σ2 > 0: strength of the feedback

• τ ≥ 0: time delay

A → X
2X + Y → 3X

B + X → Y + D
X → E

⇝
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1 (X,Y) := A − (B + 1)X + X2Y
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MODELS WITH DIFFUSION

• Ω ⊂ Rn bounded, connected spatial domain with piecewise smooth boundary ∂Ω

• d1 > 0, d2 > 0: diffusion rates

• X(r, t) > 0, Y(r, t) > 0: concentrations at space r ∈ Ω, time t ≥ 0

• boundary condition: (n · ∇r)S(r, t) = 0 for (r, t) ∈ ∂Ω× R+
0 , (n: outer unit normal to ∂Ω)

τ > 0 ⇝
∂tX(r, t) = f 0

1 (X(r, t),Y(r, t)) + σ1X(r, t − τ) + d1∆rX(r, t)

∂tY(r, t) = f 0
2 (X(r, t),Y(r, t)) + σ2Y(r, t − τ) + d2∆rX(r, t)

 (t ≥ 0, r ∈ Ω)

τ = 0 ⇝
∂tX(r, t) = f1(X(r, t),Y(r, t)) + d1∆rX(r, t)

∂tY(r, t) = f2(X(r, t),Y(r, t)) + d2∆rX(r, t)

 (t ≥ 0, r ∈ Ω)
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THE STUDIED MODELS

• S := (X,Y), f0 := (f 0
1 , f

0
2 ), f := (f1, f2), ∆rS := (∆rX,∆rY),

• Σ := diag(σ1, σ2) ∈ R2×2, D := diag(d1, d2) ∈ R2×2,

ODE: Ṡ = f(S)

RD: ∂tS = f(S) + D ·∆rS

DDE: Ṡ = f0(S) + Σ · S(· − τ)

DDERD: ∂tS = f0(S) + Σ · S(· − τ) + D ·∆rS

f0(X,Y) =

[
A − (B + 1)X + X2Y

BX − X2Y

]
f(X,Y) =

[
A − (B + 1 − σ1)X + X2Y

BX + σ2Y − X2Y

]
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EQUILIBRIUM

f(X,Y) = 0 := (0, 0) ⇐⇒
h1(X) = h2(X)

Y = h1(X)



h1(X) :=
(B + 1 − σ1)X − A

X2

h2(X) :=
BX

X2 − σ2

 (X > 0)

Proposition 1 (cf. György, Kovács [2])

∃! X∗,Y∗ > 0 :
f1(X∗,Y∗) = 0

f2(X∗,Y∗) = 0

 ⇐⇒ σ1 < 1
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1 2 3 4
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4
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Figure 1: Example for two intersection points. A = 1.340, B = 5.180, σ1 = 0.026, σ2 = 0.706.
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ODE

Ṡ = f(S)

RD

∂tS = f(S) + D ·∆rS (Ω× R+
0 )

(n · ∇r)S = 0 (∂Ω× R+
0 )

f(X,Y) =

 f1(X,Y)

f2(X,Y)

 =

 A − (B + 1 − σ1)X + X2Y

BX + σ2Y − X2Y
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LINEARIZATION AT S∗ := (X∗,Y∗)

ODE

Ṡ = f(S) ⇝ Ż = AZ

RD

∂tS = f(S) + D ·∆rS (Ω× R+
0 )

(n · ∇r)Z = 0 (∂Ω× R+
0 )

 ⇝
Ż = AZ + D ·∆rZ (Ω× R+

0 )

(n · ∇r)Z = 0 (∂Ω× R+
0 )
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LINEARIZATION AT S∗ := (X∗,Y∗)

ODE

A := J(f)(S∗)

RD

eigenfunction expansion (cf. Kovács [4]):

Ψ(r, t) =
∞∑

n=0
ψn(r) exp (Ant)Ψ0n ((r, t) ∈ Ω× R+

0 ),

where

An := A− λnD Ψ0n :=
∫
Ω Z0 (r)ψn(r)dr

∆ψ = −λψ, ∂ψ
∂n

∣∣∣
∂Ω

= 0.
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LINEARIZATION AT S∗ := (X∗,Y∗)

ODE

A := J(f)(S∗)

∆(z) := z2 − Tr(A)z + det(A) (z ∈ C)

RD

An := A− λnD

∆n(z) := z2 − Tr(An)z + det(An) (z ∈ C, n ∈ N0)
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CHARACTERISTIC POLYNOMIALS

K := 2X∗Y∗ − (1 + B − σ1)

ODE

∆(z) := p0 + p1z + z2 (z ∈ C)

p0 := [X∗]2(1 − σ1) + σ2K,

p1 := [X∗]2 − σ2 − K

RD

∆n(z) := p0
n + p1

nz + z2 (z ∈ C)

p0
n := p0 + λn(d1([X∗]2 − σ2)− d2K) + d1d2λ

2
n,

p1
n := p1 + λn(d1 + d2)
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STABILITY OF ∆(z) = z2 + p1z + p0

Assume that σ1, σ2 < 1.

Lemma 2

p0 = [X∗]2(1 − σ1) + σ2K > 0

Proposition 3

(X∗,Y∗) is stable ⇐⇒ Q(X∗) > 0,

where
Q(x) := (σ2 − 2(1 − σ1))x2 + 2Ax + σ2(1 + B − σ1 − σ2) (x ∈ R).

(X∗,Y∗) is stable
Routh-Hurwitz cr.︷︸︸︷⇐⇒ p0 > 0 ∧; p1 > 0

∆(z) = z2 + ([X∗]2 − σ2 − K)︸ ︷︷ ︸
=Q(X∗)

z + [X∗]2(1 − σ1) + σ2K︸ ︷︷ ︸
>0
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Let denote by x± the roots of Q:

x± :=
−A ±

√
A2 − σ2(σ2 − 2(1 − σ1))(1 + B − σ1 − σ2)

σ2 − 2(1 − σ1)

Proposition 4

Q(X∗) > 0 ⇐⇒ one of the below three cases is true:
• σ2 − 2(1 − σ1) = 0 and

• B ≥ 1 − σ1 or

• B < 1 − σ1 and X∗ >
(1 − σ1)(1 − σ1 − B)

A
• σ2 − 2(1 − σ1) > 0 and

• B + 1 ≥ σ1 + σ2 or
• B + 1 < σ1 + σ2 and X∗ > x+

• σ2 − 2(1 − σ1) < 0 and
• B + 1 ≥ σ1 + σ2 and X∗ < x− or
• B + 1 < σ1 + σ2 and A2 − σ2(σ2 − 2(1 − σ1))(1 + B − σ1 − σ2) > 0 and x+ < X∗ < x−
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HOPF BIFURCATION

Theorem 5 (cf. György, Kovács [2])

Assumption: σ2 > −4A2(B − (1 − σ1))/(B + 1 − σ1)
3.

• 2σ1 + 3σ2 ̸= 2 =⇒ Hopf bifurcation occur at A∗
+;

• 2σ1 + 3σ2 ̸= 2 and σ1 + σ2 > 1 + B =⇒ Hopf bifurcation occur at A∗
±;

where

A∗
± := −

σ2(1 + B − (σ1 + σ2)) +
[
X∗
±
]2

(−2 + 2σ1 + σ2)

2X∗
±

X∗
± :=

√
−1 + B + σ1 + 2σ2 ±

√
(−1 + B + σ1)2 + 8σ2B

2
,
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Figure 2: Solutions of the ODE system with parameter values B = 8.23, σ1 = 0.22, σ2 = 0.06 and A = 1.97
(top image) resp. A = 1.98 (bottom image) and initial conditions X0 = 2.70, Y0 = 3.0.
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STABILITY OF ∆n(z) = z2 + p1
nz + p0

n

Assumptions: p1 > 0, K > 0. Question: d1, d2 can destabilize?

∀n ∈ N : p1
n = p1 + λn(d1 + d2)> 0 =⇒

no

stable → unstable

via Hopf

p0
n = d1λn ([X∗]2 − σ2 + d2λn)︸ ︷︷ ︸

>0

+p0 − Kd2λn

⇓

p0
n > 0 ⇐⇒ d1 > d∗1,n :=

Kd2λn − p0

λn([X∗]2 − σ2 + d2λn)
(n ∈ N)

Proposition 6

stability of S∗ is


changed ⇐⇒ ∃ n ∈ N : d1 ≤ d∗1,n,

preserved ⇐⇒ d1 > d∗1 := max
{

d∗1,n | n ∈ N0

}
14
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EXAMPLE: A = 0.6, B = 1.4, σ1 = 0.2, σ2 = 0.4, Ω = (0, 1)

0.00 0.05 0.10 0.15 0.20

0.0

0.2
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0.6

0.8

1.0

d1

d 2

pn
0 (d1, d2), n 1
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0
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10

Figure 3: Contour plot of (d1, d2) 7→ p0
n when n = 1.
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Figure 3: Contour plot of (d1, d2) 7→ p0
n when n = 2.
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Figure 3: Contour plot of (d1, d2) 7→ p0
n when n = 3.
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Figure 3: Contour plot of (d1, d2) 7→ p0
n when n = 4.
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EXAMPLE: A = 0.6, B = 1.4, σ1 = 0.2, σ2 = 0.4, Ω = (0, 1), d2 = 0.1

2 4 6 8 10
n

-0.03
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-0.01
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d1,n
*

Conjecture: ∃n0 ∈ N : d∗1,n ↓ (n > n0)
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EXAMPLE: A = 0.6, B = 1.4, σ1 = 0.2, σ2 = 0.4, Ω = (0, 1), d2 = 0.1

d∗1 ≈ 0.015

Solutions with d1 = 0.1 > d∗1

X

Y
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EXAMPLE: A = 0.6, B = 1.4, σ1 = 0.2, σ2 = 0.4, Ω = (0, 1), d2 = 0.1

d∗1 ≈ 0.015

Solutions with d1 = 0.01 < d∗1

X

Y
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INTRODUCING TIME DELAY

DDE

Ṡ = f0(S) + Σ · S(· − τ)

DDE+RD

∂tS = f0(S) + Σ · S(· − τ) + D ·∆rS (Ω× R+
0 )

(n · ∇r)S = 0 (∂Ω× R+
0 )

f0(X,Y) =

 f 0
1 (X,Y)

f 0
2 (X,Y)

 =

 A − (B + 1)X + X2Y

BX − X2Y
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LINEARIZATION AT S∗ := (X∗,Y∗)

DDE

A := J(f0)(S∗) B := Σ

∆0(z; τ) := det
(
zI2 − A−Be−zτ ) (z ∈ C, τ > 0)

DDE+RD

A := J(f0)(S∗) B := Σ

∆n(z; τ) := det
(
zI2 − An −Be−zτ ) (z ∈ C, τ > 0)
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CHARACTERISTIC FUNCTIONS

DDE

∆0(z; τ) := p(z) + q(z)e−zτ + r(z)e−2zτ (z ∈ C, τ ≥ 0)

p(z) := [X∗]2 + ([X∗]2 − K + σ1)z + z2

q(z) := −[X∗]2σ1 + σ2(K − σ1) − (σ1 + σ2)z

r(z) := σ1σ2

DDE+RD

∆n(z; τ) := pn(z) + qn(z)e−zτ + rn(z)e−2zτ (z ∈ C, τ ≥ 0)

pn(z) := [X∗]2 + λn(d1[X∗]2 + d2(−K + σ1)) + d1d2λ
2
n

+([X∗]2 − K + σ1 + (d1 + d2)λn)z + z2

qn(z) := −σ1[X∗]2 + σ2(K − σ1)−(d1σ2 + d2σ1)λn − (σ1 + σ2)z

rn(z) := σ1σ2

20



Introduction, the studied models Stability and bifurcations without delay Stability and bifurcations with delay

Assumption:
(X∗,Y∗) is asymptotically stable when τ = 0

Question:
(X∗,Y∗) remains stable for all τ > 0

OR
becomes unstable at some τ > 0?

21
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Assumption:

∆0(z, 0) = p(z) + q(z) + r(z) = p0 + p1z + z2

∆n(z, 0) = pn(z) + qn(z) + rn(z) = p0
n + p1

nz + z2

 ⇝ Hurwitz stable

Question:

DDE

∀ τ > 0 : ∆0(z, τ) is stable,

OR

∃ τ > 0 : ∆0(z, τ) is unstable?

DDE+RD

∀ τ > 0 : ∀ n ∈ N0 ∆n(z, τ) is stable,

OR

∃ τ > 0 : ∃ n ∈ N ∆n(z, τ) is unstable?
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A GENERAL RESULT ON THE ESTIMATION OF THE STABILITY INTERVAL

∆(z; τ) = p(z) + q(z)e−zτ + r(z)e−2zτ (z ∈ C, τ ≥ 0)

p(z) = z2 + a1z + a0, q(z) = b1z + b0, r(z) = c (z ∈ C)

where a1, a0, b1, b0, c ∈ R

Assumption:

∆(z; 0) is Hurwitz stable

Question:

τ̄ =? such that ∆(z; τ) is Hurwitz stable if τ < τ̄

Theorem 7 (Kovács, György, Gyúró [3])

a0 + b0 + c > 0 ∧ a1 + b1 =⇒ ∆(·; τ) is stable, if τ <
a1 − |b1|
|b0|+ 2|c|

22
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STABILITY INTERVAL FOR THE DDE CASE

Coefficients:

a0 = (X∗)2

a1 = (X∗)2 − K + σ1

b0 = −σ1([X∗]2 + σ2) + σ2K

b1 = −(σ1 + σ2)

c = σ1σ2

Assumption:
(X∗)2 − σ2 − K > 0

(1 − σ1)(X∗)2 + σ2K > 0

Theorem 7 =⇒

τ < τ0 :=
[X∗]2 − σ2 − K

| − σ1([X∗]2 + σ2) + σ2K|+ 2σ1σ2
=⇒ ∆0(z; τ) is Hurwitz stable
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STABILITY INTERVAL FOR THE DDE+RD CASE

Coefficients:

an
0 = a0+(d1[X∗]2 − d2(K − σ1))λn + d1d2λ

2
n

an
1 = a1+(d1 + d2)λn

bn
0 = b0−(d1σ2 + d2σ1)λn

bn
1 = b1

cn = c

24
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STABILITY INTERVAL FOR THE DDE+RD CASE

Coefficients:

an
0 = a0+(d1[X∗]2 − d2(K − σ1))λn + d1d2λ

2
n

an
1 = a1+(d1 + d2)λn

bn
0 = b0−(d1σ2 + d2σ1)λn

bn
1 = b1

cn = c

Assumption: d1

d2
≥

[X∗]2 − σ2

K
and ∆0(z; τ) is Hurwitz stable

⇓

an
1 + bn

1 = a1 + b1︸ ︷︷ ︸
>0

+(d1 + d2)λn︸ ︷︷ ︸
≥0

> 0

an
0 + bn

0 + c = a0 + b0 + c︸ ︷︷ ︸
>0

+(d1([X∗]2 − σ2)− d2K)λn︸ ︷︷ ︸
≥0

+ d1d2λ
2
n︸ ︷︷ ︸

≥0

> 0
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STABILITY INTERVAL FOR THE DDE+RD CASE

Coefficients:

an
0 = a0+(d1[X∗]2 − d2(K − σ1))λn + d1d2λ

2
n

an
1 = a1+(d1 + d2)λn

bn
0 = b0−(d1σ2 + d2σ1)λn

bn
1 = b1

cn = c

Theorem 7 =⇒ τn :=
[X∗]2 − σ2 − K + (d1 + d2)λn

| − σ1([X∗]2 + σ2) + σ2K − (d1σ2 + d2σ1)λn|+ 2σ1σ2

Proposition 8

τ < τn =⇒ ∆n is Hurwitz stable

τ < τ := inf{τn | n ∈ N} =⇒ (X∗,Y∗) is Hurwitz stable
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ANALYSIS OF τ

Let: L := [X∗]2 − σ2 − K, M := σ1([X∗]2 − σ2)− σ2K + 2σ1σ2

Assumption: σ1([X∗]2 + σ2)− σ2K > 0. Then:

τn =
L + (d1 + d2)λn

M + (d1σ2 + d2σ1)λn
=

d1 + d2

σ1d2 + σ2d1
·

1 +

σ1d2 + σ2d1

d1 + d2
· L − M

M + (d1σ2 + d2σ1)λn



σ1d2 + σ2d1

d1 + d2
· L − M < 0 =⇒ τ = τ0 =

L
M

σ1d2 + σ2d1

d1 + d2
· L − M ≥ 0 =⇒ τ = lim

n→+∞
τn =

d1 + d2

σ1d2 + σ2d1

Proposition 9

(X∗,Y∗) is Hurwitz stable, if τ < τ = min
{

L
M
,

d1 + d2

σ1d2 + σ2d1

}
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A GENERAL RESULT ON THE POSSIBILITY OF STABILITY CHANGE

Let p, q, r be polynomials, consider the function

∆(z; τ) = p(z) + q(z)e−zτ + r(z)e−2zτ (z ∈ C, τ ≥ 0).

Based on Wu, Ren [6] and Kovács, György, Gyúró [3]:

Proposition 10

Assume that ∆(z; 0) is Hurwitz stable. Then

∃ τ > 0 : ∆(z; τ) is unstable ⇐⇒ ∃ ω ∈ R \ {0} : R(ω) = 0 ∧ (F(ω) > 0 ∧ G(ω) > 0),

R(ω) = {qI(ω)(rI(ω) − pI(ω)) − qR(ω)(pR(ω) − rR(ω))}2

+ {qR(ω)(pI(ω) + rI(ω)) − qI(ω)(pR(ω) + rR(ω))}2

−
{

p2
R(ω) + p2

I (ω) − r2
R(ω) − r2

I (ω)
}2
,

F(ω) = (rR(ω) + pR(ω))
2 + (rI(ω) − pI(ω))

2 − q2
R(ω),

G(ω) = (rI(ω) + pI(ω))
2 + (rR(ω) − pR(ω))

2 − q2
I (ω),

p(ıω) =: pR(ω) + ıpI(ω),

q(ıω) =: qR(ω) + ıqI(ω),

r(ıω) =: rR(ω) + ırI(ω).
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A FREQUENTLY USED SPECIAL CASE

∆(z; τ) = p(z) + q(z)e−zτ + r(z)e−2zτ (z ∈ C, τ ≥ 0)

p(z) = z2 + a1z + a0, q(z) = b1z + b0, r(z) = c (z ∈ C)

where a1, a0, b1, b0, c ∈ R

⇓

R(ω) + F(ω) · G(ω) = (b0b1 − 2a1c)2ω2 (ω ∈ R)

⇓

b0b1 − 2a1c ̸= 0 ∧ ∃ω∗ ̸= 0 : R(ω∗) = 0 =⇒ sgn(F(ω∗)) = sgn(G(ω∗)).

Proposition 11

Assume that ∆(z; 0) is Hurwitz stable. Then

∃ τ > 0 : ∆(z; τ) is unstable

⇕

∃ ω ∈ R \ {0} : R(ω) = 0 ∧ (F(ω) > 0 ∨ G(ω) > 0)
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BACK TO ∆0 AND ∆n

n = 0 : G0(ω) = ω2((1 + B + [X∗]2)2 − (σ1 + σ2)
2) + (. . .)2 > 0

n > 0 : Gn(ω) = G0(ω) + (. . .)2 > 0

⇓

DDE

(X∗,Y∗) becomes unstable, if

∃ω ∈ R \ {0} : R0(ω) = 0

DDE+RD

(X∗,Y∗) becomes unstable, if

∃n ∈ N0, ∃ω ∈ R \ {0} : Rn(ω) = 0

28



Introduction, the studied models Stability and bifurcations without delay Stability and bifurcations with delay

R CORRESPONDING TO ∆0

R0(ω) := R0
0 + R2

0ω
2 + R4

0ω
4 + R6

0ω
6 + ω8 (ω ∈ R)

R0
0 := ([X∗]4 − σ2

1σ
2
2)

2 − A2
σ1, σ2

([X∗]2 − σ1σ2)
2,

R2
0 := −2Aσ2, σ1 · Aσ1, σ2 ([X

∗]2 − σ1σ2)

+2(A2
1, 1 − 2 [X∗]2)([X∗]4 − σ2

1σ
2
2)

−(A1, 1 · Aσ1, σ2 − (σ1 + σ2)([X∗]2 + σ1σ2))
2

R4
0 := 2([X∗]4 − σ2

1σ
2
2) + (A2

1, 1 − 2 [X∗]2)2 − A2
σ2, σ1

+2(σ1 + σ2)((σ1 + σ2)([X∗]2 + σ1σ2)− A1, 1 · Aσ1, σ2 )

R6
0 := −4 [X∗]2 + 2A2

1, 1 − (σ1 + σ2)
2,

Ak,l := k · [X∗]2 + l · (1 + B − 2X∗Y∗)
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ANALYSIS OF THE COEFFICIENTS (ONGOING WORK)

Lemma 12

Assume that ∆0(z; 0) is Hurwitz stable. Then

R0
0 > 0.

Conjectures from numerical experiments:

• Sign of the coefficients:
• (R0

0,) R4
0 > 0 and R2

0, R6
0 < 0 or

• (R0
0,) R4

0, R2
0, R6

0 > 0

• min{|R0
0|, |R

2
0|, |R

4
0|, |R

6
0|} = |R6

0|, if the values of the parameters are large enough

A = 0.7, σ2 = 0.3,
B ∈ {j · 0.1 : j ∈ {1, 20}},
x-axis: σ1 ∈ {0.1, 0.2, 0.3}
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R CORRESPONDING TO ∆n

Rn(ω) := R0
n + R2

nω
2 + R4

nω
4 + R6

nω
6 + ω8 (ω ∈ R)

R0
n = d4

1d4
2λ

8
n +O(λ7

n)

R2
n = 2d2

1d2
2(d

2
1 + d2

2)λ
6
n +O(λ5

n)

R4
n = (d4

1 + 4d2
1d2

2 + d4
2)λ

4
n +O(λ3

n)

R6
n = 2(d2

1 + d2
2)λ

2
n +O(λn)

⇓

for fixed A, B, σ1, σ2, d1, d2 :

∃ n0 ∈ N : ∀n ≥ n0 : Rn(ω) > 0 ∀ω ∈ R
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0.1 0.2 0.3 0.4
ω

0.1

0.2

0.3

0.4

Rn

n  0

n  1

n  2

Figure 4: Example for Rn with parameter values A = 0.3, B = 2.1, σ1 = 0.2, σ2 = 0.1, d1 = 0.035,
d2 = 0.073, Ω = (0, 1).
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HOPF BIFURCATION

Calculation of τ∗:

Rn(ω∗) = 0 ⇝ τ∗j :=


arccos(C(ω∗)) + j · 2π

ω∗ ( if S(ω∗) ≥ 0)

2π − arccos(C(ω∗)) + j · 2π
ω∗ ( if S(ω∗) < 0)

j ∈ N0

S(ω) :=
qI(ω) · {rR(ω) + pR(ω)} − qR(ω) · {rI(ω) + pI(ω)}

p2
I (ω) + p2

R(ω)− r2
I (ω)− r2

R(ω)

C(ω) :=
qR(ω) · {rR(ω)− pR(ω)}+ qI(ω) · {rI(ω)− pI(ω)}

p2
I (ω) + p2

R(ω)− r2
I (ω)− r2

R(ω)

Theorem 13 (cf. Kovács, György, Gyúró [3])

Assumption: ∆(ıω∗; τ∗) = 0. Hopf bifurcation occur at τ = τ∗ iff sgn (ℑ (A)) = ±1, where

A := qq′ + 2rr′ + (2rq′ + qp′)eıω
∗τ∗ + qr′e−ıω

∗τ∗ + 2rp′e2ıω∗τ∗
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EXAMPLE: IN THE ABSENCE OF DIFFUSION

A = 1.4, B = 7.5, σ1 = 0.4, σ2 = 0.08

Equilibrium: (X∗,Y∗) ≈ (2.7, 2.8)

Calculated critical values: ω∗ ≈ 3.04, τ∗ ≈ 1.47

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4

0.0

0.5

1.0

1.5

2.0

ω

τ

Figure 5: ℜ(∆0(ıω; τ)) = 0 (blue line) és
ℑ(∆0(ıω; τ)) = 0 (red line).
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100 200 300 400 500

2.6

2.7

2.8

2.9

X(t)

Y(t)

Figure 6: τ = 0
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100 200 300 400 500

2.5

2.6

2.7

2.8

2.9

3.0

X(t)

Y(t)

Figure 6: τ = 1.46
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100 200 300 400 500

2.0

2.5

3.0

3.5

X(t)

Y(t)

Figure 6: τ = 1.48
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