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BRUSSELATOR-MODEL (PRIGOGINE & LEFEVER [5])

« A, B, D, E: chemical reactants and products
» X: activator, Y: inhibitor
« assumption: A, B have constant concentration

A — X
2X+Y — 3X
B+X — Y+D

X — E
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BRUSSELATOR-MODEL (PRIGOGINE & LE

« A, B, D, E: chemical reactants and products
» X: activator, Y: inhibitor
« assumption: A, B have constant concentration

A —- X
2X+Y — 3X =
B+X — Y+D - v -
X — E

FEVER [5])

X, Y):=A— (B+1)X + XY
X, Y) :=BX — X2Y

}
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BRUSSELATOR-MODEL AND MODIFICATION

« A, B, D, E: chemical reactants and products

» X: activator, Y: inhibitor

« assumption: A, B have constant concentration
* o1 > 0, op > 0: strength of the feedback

* 7 > 0: time delay

A — X
2X+Y — 3X = AXY):=A-B+1)X+XY
Bepal = Wl Y = AXY):=BX-XY

X — E

Alfif X XY) +o1X(-—7)
1Tl ([1]) S Y fZO(X7 Y) + O'ZY(~ _ T)
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BRUSSELATOR-MODEL AND MODIFICATION

« A, B, D, E: chemical reactants and products

» X: activator, Y: inhibitor

« assumption: A, B have constant concentration
* o1 > 0, op > 0: strength of the feedback

* 7 > 0: time delay

A — X .
X+Y - 3X X = RXY)=A-B+DX+XY
B+X — Y+D Y = f(X,Y):=BX-XY
X — E
= AXY)+0X(-—1)
Alfifi ([1]) ~
= fZ‘)(X,Y)+02Y(~—T)
T=0 ~

X = AXY):=A—(B+1-01)X+ XY
Y = fA(X,Y):=BX+oY - XY
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MODELS WITH DIFFUSION

» Q C R" bounded, connected spatial domain with piecewise smooth boundary 052

* di > 0, dp > 0: diffusion rates

» X(r,t) >0, Y(r,t) > 0: concentrations at space r € , time t > 0

= boundary condition: (n - V;)S(r,t) = 0 for (r,t) € 0Q X ]RJ, (n: outer unit normal to 92)

AX(r, ) = fOX(r, ), Y(r, 1)) + 01 X(r, £ — 7) + 1 AX(r, ) B
T>O0 Bt = X D), Y(r, B) 4 02X (r f — 7) + daAX(r, ) (#20,req)

AX(r,t) = L(X(r, 1), Y(r,£)) + d1 AX(r, 1) } B
7T=0 ~ (t >0,re Q)
AY(r,t) = fr(X(r, 1), Y(r, 1)) + da A X(r, )
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THE STUDIED MODELS

8= (X,Y), 0 = (FO,f0), £ = (fi,fa), AsS i= (A/X, AY),
3 := diag(oy,02) € R?*2, D := diag(dy, d2) € R?*2,

ODE: S = £(S)
DDE: S=£(S)+%-S(-—1)
DDERD: XS =1£(S)+X-S(-—7)+D-A,S

q A—(B+1)X+X2Y:|
(X,Y) = f(X,Y) =

BX — X*Y

A—(B4+1—o0)X+ XY
BX + oo — X*Y
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EQuILIBRIUM

h(X) h2(X) }
f(X,Y)=0:=(0,0)
Y = mX)

B+l—0)X—A
X2
BX
X2 — oy

i (X)
(X>0)
nX) =

Proposition 1 (cf. Gyorgy, Kovacs [2])

XY = 0
XY >0: — o <1
LE:Y) = 0
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Figure 1: Example for two intersection points. A = 1.340, B = 5.180, o1 = 0.026, o> = 0.706.
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ODE

S =1£(S)

RD

AS=£S)+D-AS (QxRS)
n-V)S=0 (92 xRY)

A(X,Y) A= (B+1—07)X+X2Y
BX + o,Y — X2Y
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LINEARIZATION AT S* := (X*, Y*)

ODE

§=fS) ~ Z=9Z

RD

(n-V)Z=0 (8QxRy)

XS =1£S)+D A8 (QxRS) Z=UZ+D-AZ (QxR))
A
n-V)Z=0 (8QxRy)



Stability and bifurcations without delay
000@000000000

LINEARIZATION AT S* := (X*, Y*)

ODE

A:=](£)(S")

RD

eigenfunction expansion (cf. Kovacs [4]):

W(rf) = 2} Gu(r) exp (Ant) T,

0
where
Wy :=A— XD Wy, := [, Zo (r) thu(r) dr
Ap=-xp, G|
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LINEARIZATION AT S* := (X*, Y*)

ODE

A:=J(£)(S™)

A(z) := 2% — Tr(2)z + det(2A) (ze©)

RD

Ay :=A— D

Ap(z) = 2% — Tr(An)z + det(Ay) (z€C, neNp)
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CHARACTERISTIC POLYNOMIALS

K:=2X*Y* — (1+B—0oy)
ODE

Az) =p" +plz+22  (z€0)

<
|

[X*]2(1 — 01) + 02K,
pl = [XP-0—K

RD

An@) =P +plz+2 (z€0)

P PO+ Aa(dr ([X*]2 — 02) — d2K) + dyda A2,

pb = pl4a(d + o)



Stability and bifurcations without delay
00000@0000000

STABILITY OF A(z) = 22+ p'z + p°

Assume that o1, 0p < 1.

Lemma 2

P’ =[X"1*(1—01) + 02K >0

Proposition 3

(X*,Y™) is stable = Q(X™) >0,

where

Qx) := (03 —2(1 — 07))x> + 2Ax + 02(1+ B — 01 — 03) (x e R).

Routh-Hurwitz cr.
(X*,Y*) is stable = P’ >0A;p >0

Az) =22 + (X' — 0 —K) 24 [X*]*(1 — 01) + 02K
=Q(x*) >0
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Let denote by x+ the roots of Q:

—A+ /A2 —oy(00 —2(1 = 1)) (1 +B — 01 — 02)
oy — 2(1 — 0’1)

s 8=

Proposition 4

Q(X*) > 0 <= one of the below three cases is true:
e 0y —2(1—o0y)=0and
*B>1—o0y0r

“B<1-o0;andX* > (1—01)(11%01—8)
e 0y —2(1 —07) >0and
* B+1>o01+o0y0r
*B+1<o1+o0pandX* > xq
e 0y —2(1—o0y) <0and
e B+1>0+o0pandX* <x_ or
* B+1< o1+ o0pandA? — oy(0y —2(1 — 1)1+ B — 01 — 02) >0andxy < X* < x_
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HOPF BIFURCATION

Theorem 5 (cf. Gyorgy, Kovacs [2])
Assumption: oy > —4A%*(B — (1 — 01))/(B+ 1 — o1)3.
* 201 + 30y # 2 = Hopf bifurcation occur at A%_;
* 201 + 302 # 2 and o1 + 02 > 1+ B = Hopf bifurcation occur at A%_ ;

where )
02(1+ B — (01 + 02)) + [X4]" (-2 + 201 + 02)
2X3%

- \/—l+B+01+202:|:\/(—1+B+01)2+8023
i': El
2
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0000000

— X(t)
— Y(t)

— X
— Y

ull”.t.“.ll“l|l‘|||\||x||l||l||A|||’||||||l||l||x|'l||l|]lllll\||A||A|ll|||’"l"llllll'kl
100 150 200

250 300

Figure 2: Solutions of the ODE system with parameter values B = 8.23, oy = 0.22, 0, = 0.06 and A = 1.97
(top image) resp. A = 1.98 (bottom image) and initial conditions X, = 2.70, Y, = 3.0.



Stability and bifurcations without delay
0000000008000

STABILITY OF A, (z) =2* + piz + p))

Assumptions: p' >0, K > 0. Question: d;, d, can destabilize?
no
VneN: pt=pl+M(di+d2)>0 = stable — unstable
via Hopf

PY = di A ([X¥1? = 02 + dodn) +p° — Kdp Ay
N———

>0
(!
KdoMy — p°
0 * 2An — P
>0 <= dy>dy, = neN
Pn 1 1,n )\n([X*]z — o +d2)\n) ( )
Proposition 6
changed <— dneN: d; < d;"n,

stability of S* is
preserved <— dy > df := max {d;‘m |ne No}
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EXAMPLE: A = 0.6, B=14, 01 = 0.2, 0o = 0.4, 2 = (0,1)

Pody, dg), n =1

dy

0.00 0.05 0.10 0.15 0.20
d

Figure 3: Contour plot of (d,d>) — p2 whenn = 1.
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EXAMPLE: A = 0.6, B=14, 01 = 0.2, 0o = 0.4, 2 = (0,1)

dy

Py (d1, dp), n =2

0.00 0.05 0.10 0.15 0.20
d

Figure 3: Contour plot of (d,d>) — p2 when n = 2.
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EXAMPLE: A = 0.6, B=14, 0y = 0.2, 0, = 0.4, Q =

0 -
Pa(dy, dp), n =3

1400
1200
1000
800

d

600
400
200

0.00 0.05 0.10 0.15 0.20
dq

Figure 3: Contour plot of (dy,d>) — p?, when n = 3.



Stability and bifurcations without delay
0000000000800

EXAMPLE: A = 0.6, B=14, 0y = 0.2, 0, = 0.4, Q =

0 -
P (dy, dp) n =4

4000

3000

d

2000

1000

0.00 0.05 0.10 0.15 0.20
dq

Figure 3: Contour plot of (dy,d>) — p?, whenn = 4.
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EXAMPLE: A = 0. o1 =02, 00 =04, Q =

ACE v{z), n=5

08
10000
8000
06
6000
S
4000
0.4
2000
0
0.2
0.0 ’ ’ n H
0.00 0.05 0.10 0.15 0.20
dq

Figure 3: Contour plot of (dy,d>) — p?, when n = 5.
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EXAMPLE: A = 0.6, B=14, 01 = 0.2, 0o = 0.4, 2 = (0,1), d» = 0.1

i,
.
0.01- *
.
! .
‘ ‘ N S U Y T
2 4 6 8 10
-0.011
-0.02 -
-0.03- .
Conjecture: Ing €N dy, | (n>ng)
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EXAMPLE: A = 0.6, B=14, 01 = 0.2, 0o = 0.4, 2 = (0,1), d» = 0.1

d; ~0.015

Solutions with dy = 0.1 > df

oX
oy
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EXAMPLE: A = 0.6, B=14, 01 = 0.2, 0o = 0.4, 2 = (0,1), d» = 0.1

d; ~0.015

Solutions with d; = 0.01 < dj

o X
0y
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INTRODUCING TIME DELAY

DDE

S=£(S)+%-S(-—7)

DDE+RD

AS=£f(S)+=-S(-—7)+D-AS (QxRf)
(n-V)S=0 (092 xRy)

By - {flo(X,Y) ] B [ A—(B+1)X+X2Y}

X, Y) BX — X?Y
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LINEARIZATION AT S* := (X*, Y*)

DDE
A:=J(0)(S*) B:=%

Ag(z;7) = det (zI, — A — Be™7) (zeC, 7>0)

DDE+RD
A:=J(f°)(S*) B:=%

Au(z;7) == det (zl; — Ay — Be™*7) (zeC, 7>0)
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CHARACTERISTIC FUNCTIONS

DDE

Ao(z7) = p(2) +q(2)e " +1(2)e”*T  (z€C, 7 20)

pi) = XPH (X -K+o)z+2
9z) = —[X*Po1+ 02K — 1) — (01 + 02)z
r(z) = o102

DDE+RD

Ap(z;7) = pu(2) + qu(2)e 7 + ru(z)e= %7 (zeC,7>0)

pn(@) = XA M (X + (=K + 01)) + dida X

+([X*]* = K+ o1 + (di + d2) )z + 22
0z = —oX*P 4 oK —o1)—(dios + dao) Ay — (01 + 02)z
m(z) = o0

20



Stability and bifurcations with delay
0O000@0000000000000000

Assumption:
(X*,Y*) is asymptotically stable when 7 =0

Question:
(X*,Y*) remains stable for all 7 > 0
OR
becomes unstable at some 7 > 0?

21
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Assumption:

Ag(z,0) = p(2) +q(z) +7(2) =p° + p'z+ 22
~ Hurwitz stable
Ay (2,0) = pu(2) + gu(2) + a(2) = ph + prz + 22

Question:
DDE
V7>0: Ag(z,7)is stable,
OR

I7>0: Ag(z, 7)is unstable?

DDE+RD

V7>0: VneNyAy(z,7)is stable,
OR
37>0: 3IneNA,(z7)isunstable?

21
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A GENERAL RESULT ON THE ESTIMATION OF THE STABILITY INTERVAL

A(z; 1) =p(z) +gq(z)e " + r(z)e= %" (zeC, 7>0)
p(z) =22 +mz+ay, q(z)=biz+by, r(z)=c (ze )

where a1, ag, by, by, c € R

Assumption:
A(z;0) is Hurwitz stable
Question:

7 =7 such that A(z; 7) is Hurwitz stable if 7 < 7
Theorem 7 (Kovacs, Gyorgy, Gyuré [3])

a; — |by]

ag+byg+c>0 A ay + by — A(;7) isstable, if T< ————
5 ool + 21

22
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STABILITY INTERVAL FOR THE DDE CASE

a9 = (X*)?

@ = (X*)> —K+o
Coefficients: by = —o1([X*]* + 02) + 02K

by = —(o1 4 02)

C = 0102

(X*)2—02—K>0
Assumption:
(1= 01)(X*)? + 02K >0

Theorem 7 —>

[X*]> -0, — K
| — o1 ([X*]? + 02) + 02K]| + 20107

T <dml— = Ay(z; 7) is Hurwitz stable

23
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STABILITY INTERVAL FOR THE DDE+RD CASE

Coefficients:

a = ag+ (A [XT2 — do(K — 1)) + dydp N2
afl = ap+(dy + d2)

by = bo—(d102 + d201) An

b=b

"=c

24
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STABILITY INTERVAL FOR THE DDE+RD CASE

113 = u0+(d1 [X*}z — dZ(K — 0'1)))\1/, + dldzx\%
afl = ap+(dy + d2)

Coefficients: by = bo—(d102 + d201) Mn
b} = by
"=c

dil - [X*]Z—O'z

Assumption: >
dy K

and Ay(z; ) is Hurwitz stable

I

al + b} =a; +by+(d1 +do) >0
>0 >0
al + b +c=ap+bo + c+ (d1([(X*]? — 02) — daK)Mn +d1dp X2 > 0
>0 >0 >0

24
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STABILITY INTERVAL FOR THE DDE+RD CASE

113 = u0+(d1 [X*}z — dZ(K — 0'1)))\1/, + dldzx\%
afl = ap+(dy + d2)

Coefficients: by = bo—(d102 + d201) Mn
b} = by
"=c

B [X*]2 = 02 — K+ (d1 + d2)
| — o1 ([X*]? + 02) + 02K — (d102 + dao1) Au| + 20102

Theorem7 — |7:

Proposition 8

LT — A, is Hurwitz stable

T<T:=inf{7 |[n e N} = (X*,Y*) is Hurwitz stable
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ANALYSIS OF 7

Let: L := [X*]2 — o0y —K,M := 01([X*]2 — 0) — 09K+ 20107
Assumption: o1 ([X*]? + 02) — 52K > 0. Then:

o1dy + o2dy LM
—_ L+ (dl + d2)>\n _ dl +dy . di +dy
T M+ (dio2 +dao) A oda + 02dy M+ (dyo2 + dao1) M
O'ldz + Uzdl . L
a2t ol ;oo — ==
dr + T M
01d2+02d1~L—M20 — F= lim 7= di +dp
dy +dy n—+oo ody + opdy

Proposition 9

) . . _ . L di +d
X*,Y*) is Hurwitz stable, if T <7 = —y
( ) TeT mm{M 01d2+¢72d1}

25
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A GENERAL RESULT ON THE POSSIBILITY OF STABILITY CHANGE

Let p, g, r be polynomials, consider the function
Az 1) =p(2) +q9@)e™ +r(2)e”>T  (z€C, 7> 0).
Based on Wu, Ren [6] and Kovacs, Gyorgy, Gyuré [3]:

Proposition 10
Assume that A(z;0) is Hurwitz stable. Then

37>0: A(z;7) isunstable < 3JweR\{0} : R(w) =0A (F(w) >0AG(w) >0),

Rw) = Aaw)(r(w) — pi(w)) — r(@)(Pr(w) = rr (@)}
+ LR (@) (Pr(w) + 1(w) = gr@)(pr(w) + 1R @)Y pOaw) = pr(w) + wr(w),
~{RA@) + @) - A - A}, G0w) = r(@) + (),
Fw) = (@) +pr(@)? + (n(w) = pr@)? = g (w), rw) = rp(w) 4 ().

Glw) = (m(w) +pr(w)* + (rR(w) — pr(w))? — G (w),

26
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A FREQUENTLY USED SPECIAL CASE

Az ) =p(z) +4(2)e™™ +r(z)e”*T  (z€C, T>0)
p(z) =22 +mz+ag, qz)=biz+by, rz)=c (z€C)
where ay,ag, by, by, c € R
U
R(w) + F(w) - G(w) = (boby —2mc)’w?®  (w ER)

U
boby —2a1¢ #0 A Jw* #0: Rlw*) =0 = sgn(F(w*)) = sgn(G(w*)).

Proposition 11
Assume that A(z;0) is Hurwitz stable. Then

37 >0 : A(z;7) is unstable

(3
FJweR\{0} : Rw)=0 A (F(w) >0V G(w) >0)
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BACK TO Ay AND A,

n=0 : Go(w)=w?(1+B+[X*P)? - (01+02)?)+(...)>>0
n>0 : Guw)=Gow)+(..)2>0

U
DDE

(X*, Y*) becomes unstable, if
Jw e R\ {0} : Ro(w) =0
DDE+RD

(X*, Y*) becomes unstable, if

In € Ng, Jw € R\ {0} : Ry(w) =0

28
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R CORRESPONDING TO A

R) + R2w? + Riw* + ROw® + w®  (w €R)

(X = 0202)2 — A2, ([X*]* — 0102)?,

@iy &R

_ZA(fza o1 ‘Affh c;z([X*}i - 0'10'2)
+2(A7 | = 2[X* ) (X7 0102)
—(A1,1Aay, o3 — (01 + 02)([X*]* + 0102))2

2([X*)* = 02a2) + (A2 | —2[X*]?)? - A2

g2, 01

+2(01 + 02)((01 + 02)([X*]2 +0102) —A1,1- Aoy, 0y)

—4[XP 4242 | — (01 4+ 02)?,

App =k [X* 2P +1-(1+B—2X"Y*)

29
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ANALYSIS OF THE COEFFICIENTS (ONGOING WORK)

Lemma 12
Assume that A (z;0) is Hurwitz stable. Then

R) > 0.

Conijectures from numerical experiments:

« Sign of the coefficients:
* (RS,) R§ > 0and R3, R§ < 0 or
* (R}, Ry, RG, R§ > 0
+ min{|RY|, [R3|, |R}|, |R§|} = |R§|, if the values of the parameters are large enough

°
i ° ,
® R}
° L4 o R A=0.700=0.3,
2f ° : Be{j-0.1 :je{1,20}},
° o5 x-axis: oy € {0.1, 0.2, 0.3}
1t g ® RS
Py [ ]
‘ ° ‘ @ ‘ o
05 10 15 20 25 30 !

30
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R CORRESPONDING TO A,

Ry(w) = RO+R2?4+REA 4+ RS+ (wER)
R) = didiXS +0(\)
R2 = 2d3d5(d% 4+ d3)NG+ O(N\)
RY = (df +4d2d5 + d3)\h + O(N))
RS = 2 +dB)A2+ O(\)
4

for fixed A, B, o1, 02, d1, dy :

dng € N: Vn>np : Ry(w) >0Vw € R

31
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RII
04"
03} —n=0
—n=1
02
— n=2
0.1}
: : . -
———1 7 03 0.4

Figure 4: Example for R" with parameter values A = 0.3, B = 2.1, oy = 0.2, 0 = 0.1, d; = 0.035,
dy = 0.073, @ = (0,1).

32
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HOPF BIFURCATION

Calculation of 7*:

arCCOS(C(:J;)) iy 25 (if S(w*) > 0)

Rn(UJ*) —0 7}* o ) ‘ je Np
2m — arccos(gfw DFi2% e 5wty < 0)
S) = B RE) +pr@)} — @) 1) + piw))

P2 (w) + P (w) — A (w) — ri(w)

Clw) = gr(w) - {rr(w) — pr(w)} + q1(w) - {r1(w) — pr(w)}
pHw) + pg(w) — 2 (w) — & (w)

Theorem 13 (cf. Kovacs, Gyorgy, Gyuro [3])

Assumption: A(w*;7*) = 0. Hopf bifurcation occur at T = 7* iff sgn (3 (A)) = £1, where

A = qq/+2?r/+(2?q/+ﬁp/)ezw*-r* +ﬁr’e_“’*7* +2?p/62uu*r*

33
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EXAMPLE: IN THE ABSENCE OF DIFFUSION

A=14,B=75,0; =04, 0, =0.08 .
Equilibrium: (X*,Y*) ~ (2.7, 2.8) \

Calculated critical values: w* ~ 3.04, 7* ~ 1.47

Figure 5: R(A(ww; 7)) = 0 (blue line) és
(Ao (ww; 7)) = 0 (red line).

34
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— X()
— Y()

100 200 300 400 500

Figure 6: 7 =0
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— X()
— Y()

100 200 300 400 500

Figure 6: 7 = 1.46
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100 200 300 400 500

Figure 6: 7 = 1.48
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