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General introduction

Denote by PP the set of the positive integers, N := P U {0}.

Dyadic group

Denote by Z, := {0, 1} the additive group of integers modulo 2. Define
the dyadic group G as the complete direct product of the groups Z, with
the product of the discrete topologies of Zj's. The group operation is the
modulo 2 addition.
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General introduction

Denote by PP the set of the positive integers, N := P U {0}.

Dyadic group

Denote by Z, := {0, 1} the additive group of integers modulo 2. Define
the dyadic group G as the complete direct product of the groups Z, with
the product of the discrete topologies of Zj's. The group operation is the
modulo 2 addition.

The elements of G are represented by sequences

x = (X0, X1, - Xn,...), Where x, € Zp and n € N.
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General introduction

Denote by PP the set of the positive integers, N := P U {0}.

Dyadic group

Denote by Z, := {0, 1} the additive group of integers modulo 2. Define
the dyadic group G as the complete direct product of the groups Z, with
the product of the discrete topologies of Zj's. The group operation is the
modulo 2 addition.

The elements of G are represented by sequences

x = (X0, X1, - Xn,...), Where x, € Zp and n € N.

Dyadic intervals
/0 (X) = G7
ln(X) = {y €G ’ Yo =X0,---,Yn-1= Xn—l} (X € Gan € ]P)
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General introduction

Measure
The direct product p of the measures

wn({J}) :==1/2, where j € Z,

is the Haar measure on G with p(G) = 1.
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General introduction

Measure
The direct product p of the measures

wn({J}) :==1/2, where j € Z,

is the Haar measure on G with p(G) = 1.

L, spaces

Let L,(G) denote the usual Lebesgue spaces on G with corresponding
norms ||.||, where 1 < p < oo and C(G) denote the space of continuous
functions on G with the norm ||f||s := sup{|f(x)| : x € G}.
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General introduction

L,(G) modulus of continuity

wp(f,0) = |§|u<p§||f‘(- +1) =0l

for f € L,(G), where 6 > 0 with the notation

o0
x;
|x| :== ZZ—JA for all x € G.
i=0

In the case f € C(G) we change p by cc.
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Walsh-Paley system

Rademacher functions
e () = (~1)*%, J

so rg(x): G — {—1,1}, where x € G, ke N
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Walsh-Paley system

Rademacher functions
e () = (~1)*%, J

so rg(x): G — {—1,1}, where x € G, ke N

Walsh-Paley system
w:={w,:neN}onG

Wp(x) = H r“(x) (neN).

k=0
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Walsh-Paley system

Rademacher functions
e () = (~1)*%, ]

so rg(x): G — {—1,1}, where x € G, ke N

Walsh-Paley system
w:={w,:neN}onG

Wp(x) = H r“(x) (neN).

k=0

The Walsh-Paley system is orthonormal and complete in L, (G).
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Walsh-Fourier analysis

Some of the usual definitions of the Walsh-Fourier analysis.

|. Blahota and D. Nagy Approximation by matrix transform means ... 18 Oct, 2024



Walsh-Fourier analysis

Some of the usual definitions of the Walsh-Fourier analysis.

Walsh-Fourier-coefficient

f(n) ::/ fwndp
G
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Walsh-Fourier analysis

Some of the usual definitions of the Walsh-Fourier analysis.

Walsh-Fourier-coefficient

f(n) ::/ fwndp
G

Walsh-Fourier series
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Walsh-Fourier analysis

Walsh-Fejér mean
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Walsh-Fourier analysis

Walsh-Fejér mean

onlf) =+ 3" Sulf)
k=1 )
Walsh-Dirichlet kernels
n—1
D, = Z W,
k=0
where n € P, and Dy := 0. )
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Walsh-Fourier analysis

Walsh-Fejér mean
1 n
on(F) = -3 Sulf)
k=1 )
Walsh-Dirichlet kernels
n—1
D, = Z W,
k=0
where n € P, and Dy := 0.
Fejér kernels
1 n
Kn = - Dk.
n
k=1 )

|. Blahota and D. Nagy Approximation by matrix transform means ... 18 Oct, 2024



Walsh-Fourier analysis

Norlund mean of the Walsh-Fourier series
Let {qgk : k € N} be a sequence of non-negative numbers.

n

to(f;x) == c;n an K Sk(f: x),

where Qp := ZZ;(I) gk (n€P), go >0 and lim,_0c Qn = 0
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Matrix transform

Let T :=( ’J)u 1 be a infinite upper triangular matrix of numbers.

Matrix transform mean

a,,T(f;x) = Z tienSk(f; x),
k=1

{tkn:1<k<n, keP} (neP).
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Matrix transform

Let T :=( ’J)u 1 be a infinite upper triangular matrix of numbers.

Matrix transform mean
n
ol (fix) = Z tienSk(f; x),
k=1

{tkn:1<k<n, keP} (neP).

Matrix transform kernel

T(x) = z”: tie,nDi(x)
k=1
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Matrix transform

Let T :=( ’J)u 1 be a infinite upper triangular matrix of numbers.

Matrix transform mean
n
ol (fix) = Z tienSk(f; x),
k=1

{tkn:1<k<n, keP} (neP).

Matrix transform kernel
K] (x) =Y tinDi(x)
k=1

It is easily seen that o] = [¢ F(W)K] (x — v)dp(u).
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Historical overview

In classical book of Schipp, Wade, Simon and P4l [7], on p. 191. we can
read inequality

s—1
loas(F) = Fllx <) (F27%) + 2575w (,c; 2—k) ,
k=0

where X is a homogeneous Banach space (for example any LP space,
where 1 < p < oo and the space of continuous functions C).
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Historical overview

Méricz and Siddigi [5] (1992)
Let f € L,(G), 1 < p<ooand let {gx: k € N} be a sequence of

nonnegative numbers such that %;1 Py éqz = O(1) for some 1 < vy < 2.
a) If g is non-decreasing, then

In[—1

1 1
1) =l < 2 3= 20 () 0 (1 555)-

b) If gx is non-increasing, then

[n|—1

5 1 1
||tn(f) - f| p = 2Q, Z(Qn 217 n 2+l l)wP ( )—'_pr (f W) ’
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Historical overview

Blahota and K. Nagy [3] (2018)

Let f € L,(G),1 < p<oo. Forevery ne N, {t,:1< k < n} be afinite
sequence of non-negative numbers such that >"}_; tx , = 1 is satisfied.

a) If the finite sequence {ty , : 1 < k < n} is non-decreasing for a fixed n
and the condition t, , = O (%) is satisfied, then

Inl—1
. 1 1
‘ oT(F) — pr <5) O: 2tyia_y pp (f, E) + cwp (f, 2T> .
J:

b) If the finite sequence {ty ,: 1 < k < n} is non-increasing for a fixed n,
then

In[—1

, 1 1
;
ol'(f)— pr <5 Z; 2ty pwp (f, 5) + cw, (f, 2T) .
J:
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Historical overview - motivation

Areshidze and Tephnadze [1] (2024)

Let f € L,(G), 1 < p < oo and let t, be a regular Norlund mean
generated by non-decreasing sequence {qx : k € N}. Then

[n|—1

'qn—2j 1 1

_ J il il

[tn(f) — fll, < 18 EO 2 0. Wp (f, 2j> + 12w, (f, 2|n|) .
J:
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Auxiliary results

Paley’s lemma

~fo, ifx¢1(0),
Dz"(x)_{zn, if x € 1,(0).
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Auxiliary results

Paley’s lemma

~fo, ifx¢1(0),
Dz"(x)_{zn, if x € 1,(0).

The improved version of Yano's lemma:

Toledo [8] (2018)

17

Knll1 = 7.
sup [[Knll = 75
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Auxiliary results

Gat [4] (1998)
Let n,t e Nand t < n. Then

271 if x € 1:(0)\/e11(0), x — e € 1,(0),
Kon(x) = %, if x € 1(0),
0, otherwise.
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Auxiliary results

Gat [4] (1998)
Let n,t e Nand t < n. Then

271 if x € 1:(0)\/e11(0), x — e € 1,(0),
Kon(x) = %, if x € 1(0),
0, otherwise.

Persson, Tephnadze and Weisz [6] (2022)
Let n€ Nand f € L,(G) for some 1 < p < co. Then we have inequality

In| os 1
o)1l <33 gz (5 )
s=
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New results

Blahota and D. Nagy [2] (2024)

Let f € L,(G),1 < p<oo. Forevery ne N, {t,:1<k<n}bea
finite sequence of non-negative numbers such that

n
Z tkn = 1
k=1

is satisfied. If the finite sequence {t; ,:1 < k < n} is non-increasing for a
fixed n, then we have

n|1

f)—fH 22 . wp( 1j>+%w,, (f%)
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New results

Blahota and D. Nagy [2] (2024)

Let the finite sequence {txon : 1 < k < 2"} of non-negative numbers be
non-decreasing for all n € N and

on
Z tkon = 1.
k=1

Then for any f € L,(G) for some 1 < p < 0o, we have the following
inequality

s 1 n—1 1
<55 (1) oS (1)
0 s=0

1 1
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New results

Blahota and D. Nagy [2] (2024)

For every n € P, let the finite sequence {tx,:1 < k < n} of non-negative
numbers be non-decreasing for all n and we suppose that

. 1
Z tkn=1 and t,,=0 (—) .
k=1

n

Then for any f € Ly(G) for some 1 < p < 0o, we have the following
inequality

- GNPy 1
Un(f)—prSCZWwp (Z—k,f)
k=0
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Thank you for your attention!
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