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This talk is based on the joint work
M. Dyachenko and E. Nursultanov and S. Tikhonov and F. Weisz:

Hardy-Littlewood-type theorems for Fourier transforms in R?. J. Func.
Anal. 284, 109776 (2023)
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Lebesgue and Lorentz spaces

The L,(R?) space is equipped with the quasi-norm

1/p
ey = ([ o) ©<p< )
The non-increasing rearrangement of a measurable function f is given by

Fr(t) :=inf{p: {Ifl > p}l <t} (£>0)

For a multi-dimensional measurable function and for fixed variables
Yiseoos Yio1s Yitls -« Yd bY F(y1, .o, ¥io1,% Yit1, - -+, Ya), we denote
the non-increasing rearrangement with respect to the i-th variable
(i=1,...,n). Let (j1,/2,...,Jq) be a permutation of (1,2,...,d). Applying
the non-increasing rearrangement in all variables consecutively, we obtain

FriveXa = ((F)*%2 ., )%
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Let p=(p1,...,pq) and q = (q1,...,qq) with 0 < p; < oo and
0<gqj<oo, j=1,2...n. Let (j1,j2,...,jd) be a permutation of
(1,2,...,d). In this case we will write 0 < p < oo and 0 < q < co. The
Lorentz spaces L, 4(R?) and L;‘,,q(Rd) consist of all measurable functions

f for which
1
o qdt\a
lei= ([ (570)" %)
0
and
11les,
[e¢) o] 1 1 q1 2 a4
= / (/ <t1”1 Sty f*/1-~~*fd(t1,...,td)> dtl) " ...@
0 0 t ty
are finite.

Note that L, , = Ly, however, the space L , with p = q does not coincide
with the mixed Lebesgue space (Lp,, ..., Lp,). However, if
pi=qi=p, i =1,2,...,n, then Lg , = Lp.
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Fourier transform

For f € L1(RY), the Fourier transform is defined by

fe) = /R F(x)edx.

We can extend this definition to tempered distributions in the usual way.
Let Qn := [N, N]9. For f € L,(RY), we define

(Fnf)(E) = / f(x)e ") dx.

Qn

As it is well known, if f € L,(R9), 1 < p <2, then
F= lim (Snf) in the Ly (RY)-norm.

The Fourier transform of f € L,(RY), 2 < p < oo, is not well-defined as a
function.
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Pitt’s inequality

Hausdorff—-Young inequality states that

1 1
SN, 1<p<2 45 =1,
P P

Hf P

A counterpart of this inequality is the following Hardy-Littlewood inequality

NPSINL 1/p
([ nl -t [fof ) " <hiel, 1<p<a @

where t = (t,...,tq) € R9. In particular, (1) sharpens the well-known
inequality
T 1/p
(/ |t|d(P—2))f(t)) dt) S ||f||p, 1< p<L2, (2)
Rd

where |t| denotes the Euclidean norm of t.
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Forl1<r<g< oo and fEUlgsgzLSv

([, (tal-..leab? [F0)])” o)
< ([ (Gl el 17 001) o) ©)
(L ) )

1/q

provided that
1 1 1
0§a:—,—f—ﬁ<7
rrq r

and, additionally,

which is equivalent to % —
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Now we point out three well-known special cases. Fora =3=0, g =/,
1< r<2,

IF

S Il

r/

which is the Hausdorff-Young inequality;
fora=0, =1-2/r,1<r=gq <2, we obtain (1):

1/p
~ P
([ el ey 2[Fof o) 50l 1<p<2

and for =0, a=1-2/r, 2 <r = q < oo, we establish the dual to (1),
that is,

~ 1/r
171, < ([l b 1 o)
Rd
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Pitt's inequality for Hardy-Cesaro and Hardy-Bellman

operators

For a one-dimensional function, the Hardy-Cesaro and Hardy-Bellman
operators are defined by

1
Hf(t) = t/f(x) dx, Bf(t) := /f(sign(t)x) %
X
0 I¢]
Let £ := {e = (€1,...,€4) : € = 0,1}. In the multi-dimensional case set

He :=Heyd - Hey2Hey 1, where e € E and

L f(xt, ey Xiven oy xa)dxi, if & =0
(Hey,if) (£) == § o°
f f(Xl, .. .,sign(t,')x,-, ce ,Xd) df)f", if & =1.

Xi
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Theorem

Suppose that f € J;<ocp Ls. Let 1 <r < q < oo and

1 1
0<a=—

1
—_ = — < J—
r/ q 6 r/

and (j1, /2, -..,Jd) be a permutation of (1,2,...,d). Then, for any ¢ € E,
1/q
~ q
([, (al...le? o)) o)
Rd
7 1/r
S ([ (@l ieseco) o) T @
Rd

Note that the right hand side of (4) is ||f|[.;, with 1/p=a+1/r.

v
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Theorem
Under the same conditions

(L (oo
- </R" <(‘X1""‘Xd‘)°‘ If(x)|>rdx>1/r- (5)

In particular, if « =0, 8=1-2/r, 1 < r=q < o0, then

N r 1/r
([ nl.leabr 2 ufo| a) <
Rd
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Suppose that f € J;ocpLs. Let1 <r < q < oo and

1
@

1 1

r’_a

1
SO&Z —,3<7
r

Q|+~

Then, for any € € E,

([, (0l e o] ) o)
< ([ (0al-beircar) o)
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In particular, if 5=0,a=1—-2/rand 1 < r = g < o0, then

|mF| < (/Rd(\xn ) RGO dx>1/r.

RENEILS

If additionally, B < 0, then (5) is weaker than (3), i.e.,

(L)
< (L (el o))" )
- </R (bal- - ) |f(x)|)rdx)1/r.

1/q
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Hausdorff-Young inequality and net spaces

Let us denote by M the collection of all rectangles | = l; x ... X Iz with
sides parallel to the axes. We define the average function by

// f(x) dx

f belongs to the net space Ny q(M) (0 < p,q < o) if

2
[e’e} [e’e} 1 1 q1 dtl a dtd 94
f = t Lt (.t — e —
QLA (/0 </0 <1 a Flon. d)> t ) ty

is finite. Np q is @ normed linear space.
For pi=p, g =q, i =1,2,...,n, we also use the notation

1

> > 1 q dt; dtg\

f = t1...¢ f(ty,...,t —_— .. .
e = ([ [ (P ) 55

1
f(tl,...,td) = sup ﬁ
tem > [l |ldl

Ferenc Weisz Hardy-Littlewood tipust egyenlétlenségek August 12 - August 16, 2024 14 /21



Recall that the Hardy-Littlewood—Paley estimate for classical Lorentz
spaces states that

fl <
7, <0, 1<p<z o<asw

Suppose that f € ;<o Ls. Let x = (j1,)2,...,Ja) be a permutation of
(1,2,..,d). fl<p<oo,0<q<o0andfel},, then

P.q’
N—p’,q

R
L5a

In particular, for 1 < p < oo,

0o 0o o |3 p 1/p
(/ / (ti...tq)P" ’f(tl,...,td)‘ dt) <l
0 0
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Product Hardy spaces

We consider the so called product Hardy space H, = Hp(R x --- x R),
that is different from H,(R").
For ¢ € S(R) with [ ¢dX # 0, let

belx) = th0(x/t) (¢ >0).

Then we say that a tempered distribution f is in the product Hardy space
Hp = Hp(R x --- x R) (0 < p < 00) if

Il = sup  I(F (9@ ®64,)
t1>0,...,t4>0 ,
where * denotes the convolution and
(¢t1 - ® ¢td HQZ)tJ XJ X € Rd.

It is known that different Schwartz functlons yield equivalent norms.
Moreover, H, is equivalent to L, for 1 < p < oo.
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Inequalities in Hardy spaces

The generalization of (2) to Hardy spaces is known:

d(p=2) |77\ |P 1/p
</Rd|t‘ . )‘f(t)‘ dt) SJ ”f||Hp(Rd)7 O<p<l.

The case p =1 is called Hardy's inequality. We generalize (1) to Hardy
spaces.

IfO<p<1andf e H, then

([ tal- a2 |fof dt)l/p < fll 6
R

Since f is a locally integrable function if f € H, with 0 < p <1, the
integral on the left hand side is well defined.
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The Hardy—Cesaro operator is defined by

1 t1 ty
Hf::Hof: /.../f(Xl,...,Xd)dxl...dXd.
t1-- -ty
0 0

Theorem

If0<p<1andfeH, U<y Lq then

P 1/p
([ al-teabe 2 [0 at) S el )
R

Remark

(i) For p =1, (7) holds for all f € H;.
(ii) The left-hand sides of (6) and (7) are not comparable in general.

| A\

.

Ferenc Weisz Hardy-Littlewood tipust egyenlStlenségek August 12 - August 16, 2024 18 /21



Inequalities for Hardy-Cesaro and Hardy-Bellman operators

Let us recall the classical Hardy's inequalities. First,
[Hefllp S NIl 1< p<oo.

If all ¢, =0 or all &; =1, then even more is true. We just introduced the
Hardy—Cesaro operator Hf and now we define the Hardy—Bellman
operator by

o7 dq  d
Bf = Hlf:/.../f(sign(tl)xl,...,sign(td)xd)Xl...Xd.
X1 Xd
Il |tal

Then

[#Hfllp SNfll, (1<p<oc) and [IBFf, S Ifll, (1<p<o0)

(8)
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Remark
IFF,F e Uics<o Ls (say f € §) and 1 < p < 2, then

PSRN 1/p
Il s ([ Gl a2 F0) o) S 191
In particular, if f > 0 is non-increasing and even in each direction, then

NPSINT: 1/p
17l = ([ Gl a2 e o)
Rd

Equivalences of this type are usually called Hardy—Littlewood theorems or
Boas-type results.
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Even though H is not bounded in Hp, we derive the following weaker
result, which can be considered as a generalization of inequality (8).

If0<p<1andfeHy\Uicqg<oLq then

[H o S Nl -

For the operator B the situation is symmetric. It is easy to see that B is
trivially bounded from Hj to Lj since

IBflly < Cliflly < ClIfll4, -

In fact, it turns out that the operator B is bounded in H,, i.e.,

If0 < p<1andff € Hy\Uy<q<r Lq, then

1Bf Iy, S 14, -
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